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1 Introduction 



It is well-known j^] that the rational A'"-particle Calogero-Moser problem in classical mechanics is 
superintegrable. It means that to each of the integrals of motion Hi^, k = 1,. . . ,N, in involution 
w.r.t. the standard Poisson bracket one can find a set of — 1 additional algebraic, functionally 

(k) 

independent integrals Br , r = 1, . . . , N — 1, which are all in involution with the Hk. So, generally, 
one has a N x N table of the form: 



Hi 

H2 


b['^ . 


•• B^^^ 1 


Hn 







The entries of the first column in this table are distinguished by the fact that each of them defines a 
superintegrable system, i.e. the kth entry Hf^ is in involution with those in the first column and in 

(k) 

the kth row. Each entry of the rest of the table, so anyone of the Br s, defines an integrable system 
with the integrals of motion being some functions of the H^s. 

In the present paper we show how to construct the same kind of table for the quantum Calogero- 
Moser system with the inverse square potential. The 'quantum table' will have the same properties 
as the 'classical table', i.e. the first column will give us the partial differential operators (PDOs) of 
the kth order {k = 1, . . . , N) with the superintegrability property, while Br'^'^'s will be the PDOs of 
the following orders: order = k + r — 1. We derive the non-linear algebraic relations for all 
these operators. 

2 Operators of Dunkl's type 

Let Pij be the permutation operators acting on the indices i and j, i.e. the generators of the 
permutation group Sat of N numbers (i, j = 1, . . . , A^): 

Pij — Pji 1 {Pij^ — ' PijPjl — PjlPli — PhPij • (^-l) 

Hereafter all indices run from 1 to N, unless otherwise stated. 
Introduce the operators 

Ai = J2—i^-Pij), i = h...,N, (2.2) 

where we use the notation 

and have the following algebra for the Pij and Xk'- 

0, 

XkPij if {fc}n{i,j} = 0, (2.3) 

^iPij • 

Then it is straightforward to verify the following relations for the operators Pij, A^, and xi. 



[Xi , Xj\ 

PijXk 
PijXj 
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Proposition 2.1 



(a) PijAk = AkPij if {/c}n{i,j} = 0, 

PijAj = A,P,j , (2.4) 

(6) [AiAk,P,k]=0 ^ [Ai,Ak]=0, (2.5) 

(c) [xi, A,] = (1 - 6ij)Pij - 6ij ^ . (2.6) 



Introduce the differential operators: 

d 

di = 1 [di^Xj] = 6ij , 
which are closed together with Pij to the same kind of algebra as in (|2 

[di,dj] = 0, 

Pijdk = dkP^j if {fc}n{i,j} = 0, (2.7) 

It is not difficult to verify the following algebraic relations for the operators di, Aj, and P^i. 
Proposition 2.2 

(a) [9„ A,] = ^ (1 - Pij ) + — (9, - dj)Pij , i^j, 

(6) [[d,,A,],Pij] = ^ [di,Aj] = [dj,Ai], i^j. (2.8) 

The final operators that will be introduced in this Section are the Dunkl's type operators 

Di = di + gAi, g£R, (2.9) 

which are the differential-permutation operators acting on the function space f{xi,X2,---,X]\f) £ 
C°°(M''). Let us now prove the following Theorem about the algebraic relations for the operators 
Pij, Dk, and xi. 

Theorem 2.3 

(a) P^,Dk = DkPij if {k}n{i,j}=9, 

PijDj = D,P,j , (2.10) 
(6) [D„Dj]=0, (2.11) 
[A, X,] = 5,j{l + 5 E - (1 - S^j)gPij . (2.12) 



c 



Proof The statement (a) follows from (|2.9|) , (^J), (|2.4|) . The commutativity of the operators Di 
results from ( |2.9| ), ( |2.g| ), ( |2.7] ), (p.5|). The last commutator (c) is easy to derive from the relation 

(H). 

The commutative operators Di were first introduced and studied in S. 
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3 Quantum Calogero-Moser system 

Let us define a quantum integrable system by fixing tlie complete set of the symmetric polynomials 
Ik, k = 1,...,N, on N Dunkl's operators Di as corresponding mutually commuting integrals of 
motion 

4 = ^A', k = l,...,N. (3.1) 

i 

The first two integrals have the form 

h = 



di - di 



Introduce now the operation Res which acts on operators sending symmetric functions to symmetric 
ones (i.e. operators leaving invariant the sub-space of symmetric functions) and means the restriction 
of these operators on the sub-space of symmetric functions. Then, for instance, 



H2 ^ Res{h) = Y.dl + 2gY,—{d,- d,) , 

k i<j 



(3.2) 



since the operator 1 — Pij vanishes on symmetric functions. Define a set of the PDOs Hk of orders 
from 1 to A'^ by the rule: 

Hk = Res{h), A; = l,...,iV. (3.3) 

Notice that all these operators (after applying the operation Res) become purely differential opera- 
tors, i.e. do not contain any -Pi/s parts. 

Proposition 3.1 The operator has the order k and all of them are mutually commuting 



[Hi, Hj 



0. 



Proof follows from the relations (|3^) , (jS^) , ( plj ) , ( ploD . 
The set of operators 



Hi = w o Hi o w 



-1 



W = Y[{Xi - XjY 

i<j 



gives the integrals of motion of the quantum Calogero-Moser system with the second integral (Hamil- 
tonian) having the form 



N 



H2 = Y.7^-'^9{9-1)Y: 



1 



k=l 



dx'i ''^'^ ^ {xi — Xj)"^ 



We refer here to the lectures Q where the Dunkl's type operators were used for proving 
the quantum complete integrability of the (trigonometric) Calogero-Sutherland model and of its 
generalisation to the other classical root systems. 



4 Superstructure 

In this Section we introduce the superintegrability structure for the quantum Calogero-Moser system 
which explains the degeneration of this model. The crucial role in the whole construction is played 
by the operators Si, i = 0,1,2, ... , introduced below. 
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Proposition 4.1 Let n = 1, 2, 3, . . . . Then 

[Df, X,] = 5ij I nD^-^ + Rn-i{Di, D^) gP^k 

-(1 - 6ij)Rn-i{D„Dj) gPij , (4.1) 
where Rn-i{x, y) is the symmetric polynomial of the order n — 1 of the form 

Rn-i{x,y) = . 

x-y 

Proof is done by induction on n with help of the statement (c) from Theorem 
As a corollary of this Proposition we have the following 

Proposition 4.2 Let n = 1,2,3, ... , / = 0, 1, 2, . . . . Then 

[xiD^, XjD]] = I nxiD|+"-i + ^ XiDiRn-iiDi, Dk) gPik 

-(1 - 5^j)x,D\Rn-i{D„Dj) gP,j . (4.2) 

Introduce now the additional operators Si which, together with the integrals Ik, constitute the 
'superstructure' of the quantum Calogero-Moser system 

N 

Sk = Y.XiD^,, A; = 0,1,2,... . (4.3) 
1=1 

It is quite straightforward calculation to derive the following algebra for the operators Si, In on the 



basis of the Propositions 4.1 and 4.2 



Theorem 4.3 The operators Si = ^iXiD\, In = J2il^? '^'^^ closed to the algebra 

ii) =0, (4.4) 

{a) [Si,In] = -nli+n~i, (4.5) 

(in) [Si,Sn] = {I -n)Si+n-i- (4.6) 



Definition 4.4 Consider k operators Xi, . . . , Xk. Fix an ordering Xi -< X2 -<...-< X^. The 
operators Xi, . . . ,Xk are algebraically independent if p = is the only polynomial such that 

piXi,X2,...,Xk) = 0. 

For fixed there are only additional, algebraically independent operators Si because of the easily 
verified identity 

N 

SN+k = Y.{-iy+^SN+k-i M,{D) , A; = 0, 1, 2, ... , (4.7) 

1=1 

where Mi{D) are elementary monomial symmetric functions 

Mi{D)= Dk,-...-Dk^. (4.8) 

A;i<...<A;i 
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Let us think always of the first N lower order operators 

So , Si , . . . , Sn-1 

as N chosen algebraically independent operators additional to the Ik, k = 1, . . . ,N. 
It is easy to observe that the new operators Si commute with all the permutations 

[Si,Pjk]=0, 

(as well as the In do!). Hence, they send symmetric functions to symmetric ones and one can restrict 
the relations ( [4.4D -( |4l^ ) on the sub-space of the symmetric functions. So, we get the following algebra 
{Res{In) = Hn): 



[HuHn] = 0, 
[Res{Si),IIn] = -nHi+n-i, 
[Res{Si),Res{Sn)] = (l - n)Res{Si+n-i) 



(4.9) 
(4.10) 
(4.11) 



The operators Res{Si) and Hn are now purely differential operators of orders / and n, respectively. 
Let us construct the action of the operators Res{Si) on the common eigenfunction ^'^(x) of the 
quantum integrals of motion 



N 



(4.12) 



i=l 



The eigenfunction ^'^(x) G C°°(M^^) depends on variables x = (xi,...,X7v) and on real 
spectral parameters fh = (mi, . . . ,mj\f). 

Proposition 4.5 The multiplication operators 



N 



i=l 



and the following first-order differential operators (in rui 's!) 



I 



N 

E 

i=l 



d 
drui 



(4.13) 



(4.14) 



give a representation of the algebra j ), i.e. 

[rLuHn] = 0, (4.15) 

[SuTin] = -nHi+n-i, (4.16) 

[Si,Sn] = {l-n)Si+n~i. (4.17) 

Proof can be done by straightforward computation. 

It is well-known |5|, ^ that the so-called multi-variable Bessel function J^\x) solves the spectral 
problem ( [4. 121) 



N 



k 7(9), 



(4.18) 



1=1 



Hence, as the corollary of the relations (4.13)-(4.17) we have the following identities for such functions: 

r 



Res 



N 
1=1 



d_ 

dx 



1 



j^i Xi Xj 



N 



(4.19) 



i=l 
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Here in the l.h.s. we have the order I differential operator in Xj's while in the r.h.s. we have 
the first-order differential operator in the spectral parameters m^'s. In the limit g = the multi- 



variable Bessel function ix) turns into the symmetrised exponential J2 ^'R. fx'(exp(mx)) and 

'''' (^x^^N 



the relations ( |4.19D look like {I = 0, 1, 2, . . .) 

^ Qi ^ d 

Jl^i'Tl ^xiexp{rnx)) =J2'^i-^ — crxiexp{mx)) . (4.20) 

-1 ''''' a.eS^ -1 ' ..e§^ 

5 Quadratic algebra 

Introduce the additional operators 

^ij^ = Siljj^k-i — Sjli+k-i ) (5-1) 
where fc = 1, 2, 3, . . . , i, j = 0, 1, 2, . . . . By definition we have the following properties: 

Aik) _ n Ak) _ _Ak) 

^ii — U ) ^ij — ^ji ) 

(k) 

SO that we assume that i < j. The order of the PDO which is the restriction of the operator A^j is 

order [i?es(^S*^^)] =i + j + k-l. (5.2) 



Proposition 5.1 



+ {k — l)^ij^ "* — ''T'A^n-l.j+n-l ' (^-3) 

(6) [4^4] =0, (5.4) 
(c) [Res{A'^^),Hk]=0. (5.5) 



Proof follows from the definition (iB.Wj and from the Theorem 4.3 



Notice that from the statement (c) it follows that we have constructed a big supply of the PDOs 
Res{A\j''), i,j = 0, 1,2,... , all commuting to the integral Hk- These additional operators of the 
order i + j + k — 1 describe the hidden symmetry (or the super-integrability) of the quantum integrals 
of motion for the Calogero-Moser system. 

We are now in a position to derive the global quadratic algebra for the integrals /„ and the 'hidden 

(k) 

symmetry generators' A- . 

(k) 

Theorem 5.2 The operators In arid A\-' are closed to the quadratic algebra 

(a) [/i,/,]=0, (5.6) 



ij ' 

+j{Afl.,_-^ Ji,+k'~i - Afl^,^^^Jj,+k'-i) 

+{k - i)(4-^+^')4'-i+,' - 4''^''^ik'-iM') 

+{k' - l){A%~^^^hk-i^, - A^f'+'>h-i+,) . (5.8) 



(b) i^ij Jn] = -n{li+n^ilj+k-l - Ij+n-lli+k-l) , (5-7) 



7 



Not all of the operators A^^^ are algebraically independent. Actually, for each given k (and a fixed 

N) we can supply only — 1 operators A^j '^ which all commute to the 1^ and all of them plus the 
integrals of motion are algebraically independent. In this way we get a N x N table putting, for 
instance, i = to diminish the order of the generators: 



h 
h 



A 



A 



(1) 

01 
(2) 
01 



.(1) 

^O.Af-1 
,(2) 



In a, 



(TV) 
01 



A 



(TV) 
0,Af-l 



If we take the restriction of all operators in the table to the invariant sub-space of the symmetric 



functions and denote B 
Introduction Section: 



(fc) 



Res{A, 



Oj ) 



then we have the same table that was announced in the 



(5.9) 



Hi 

H2 




-°TV-1 


Hn 




-°TV-1-I 



It is easy now to derive the quadratic algebra between the entries of this table. 



Theorem 5.3 The operators Hn and B^^^ = ReslA'Qj') are closed to the quadratic algebra 
(a) [H^,Hj]=0, 

(6) [Bj''\Hn] = —n{Hn-iHj^k_i - Hk-iHj^n-i) , 
(c) [Bf\BP] = j(-4+V-i^^'-i + 



(5.10) 
(5.11) 



+{k - l){Bf ^^Hk'-i+f 
+(/t'-l)(5f-^+^')^ 



B 



(k-i+j') 



'H, 



k-l 



Hk'-i) 



(5.12) 



Recall [j^] that the superintegrability of the classical Calogero-Moser system means that each Hn 
of the integrals of motion is in involution with another 2N — 2 quantities. In the quantum case 
we have shown (cf. the statements (a) and (6) in the Theorem 5.3) that the Hn commutes with 



(n) (n) 

2N — 2 operators: Hi, ... , Hn-i, Hn+i, . . . , H^, B]^ , . . . , Bj^_^. This is the fact of the quantum 
superintegrability or degeneration of the quantum integrable system. 



(k) 

and Bj s which are out of the table. The simple analysis shows that all these operators are not 
algebraically independent from those in the table, i.e. they can be expressed as some polynomials 
(linear in sj'^^'s) on the operators inside the table. 
Let us consider in details two first examples: N = 2 and N = 3. 



Remark For the table ( |5.9D one gets in the r.h.s.'s of the commutators ( 5.11 )~( 5.12 ) some H^s 



6 N = 2 case 

We have the following 2x2 table in the case of N 



Hi 

H2 



B 
B 



(1)1 
1 

(2) 
1 . 
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and the quadratic algebra of the form 

[Hi,H2] = [i/i,B{'^] = [i72,sf^]=0, (6.1) 

[B^^\H2] = -2{Hf-2H2), (6.2) 

[b[^\h^] = HI-2H2, (6.3) 

= 4sf ) - 2sf ^i^i . (6.4) 

Let us denote the restrictions of the operators Si by the smah letters: 

Si = Res{Si) . (6.5) 

Then the additional operators so,si,S2 satisfy the following relations: 

[so,H,] = -2-1, [so,b[^^] = 0, (6.6) 

[so,H2] = -2Hu [so,b[^^] = -bP , (6.7) 

[si,H^] = -Hi, [suB[^^] = 0, (6.8) 

[si,H2] = -2H2, [si,b[^^] = -bP , [so,si] = -so, (6.9) 

S2 = siHi + ^so{H2-Hl), (6.10) 
[s2,Hi] = -H2, [s2,b[^^]=b['^Hi-2B[^\ 
[S2,H2] = Hf-3HiH2, [s2,B'i'^] = ^B['\Hf-H2)-2B^^^Hi. 

The explicit form of all these operators is as follows: 

Hi = di + d2, (6.11) 

H2 = dl + dl + ^^{di-d2), (6.12) 

Xi - X2 

b['^ = (a;i-X2)(a2-ai), (6.13) 

= X2df + xidl-{xi+x2)did2 + 2g^-^^{di-d2), (6.14) 

So = X1+X2, (6.15) 

si = xi5i+a;252, (6.16) 

S2 = xidl + X2di + g^^^^{di-d2). (6.17) 

Xi - X2 



Theorem 6.1 The spectral problem 

^1 4?im2(^i'^2) = {mi + m2) j!;^\m^{xi,X2) , mi,m2eM, (6.18) 

H2J^l^^{xi,X2) = (m? + mi) j(?)^^(xi,X2) (6.19) 

has the following symmetric function as a solution 

( \ m_|_ \ f fYi \ 

Jklm,ixi,^2) = e^-+ (m_x_)2-5 [—x-j , (6.20) 
x± = xi ± X2 , m± = mi lb m2 , 
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where 

oo / z\2k+u 



IS 



the modified Bessel function of the first kind ^ 7.2(12)]. Moreover 



Notice that if G M and z > then I,y{z) G M. 

Proof can be done through the separation of variables x+ and x_ in the spectral problem ( |6.18| )- 



Theorem 6.2 The action of the operators ( 6.l]\ )- ^6.l1l ) on the eigenfunction ( \6. 2C ) is as follows: 



X2) 

H2 X2) 

•So X2) 

•Si Jmlniii-^'^^ -^2) 
S2 X2) 



(mi + ms) J,l?j^m2(a;i,X2) , 
(m? + m^) 4^l^,^ixi,X2) , 

(7712 - mi)(ami - dmz) J^l„i^{xi,X2) , 

(m2 - mi){m2dmi - mi 9^2 ) «^mim2(2;i' 2:2) 



Proof follows from the Proposition [4.5| (cf. formula ( [4.19D ) and the definition of A, 



also that B - 



(fe) 



Res{Af^)). 



(k) 



(6.23) 
(6.24) 
(6.25) 
(6.26) 
(6.27) 
(6.28) 
(6.29) 

(recall 



7 TV = 3 case 

We have the following 3x3 table in the case of = 3: 



'Hi 




^2 


H2 


b['^ 


o{2) 
-"2 


.H3 




^(3) 
^2 -I 



and the non-linear algebra of the form 



[Hi, Hj] — [Hi, B^ 



[Hi,Bi'^] 



0, 



(7.1) 



[Hi,b['^ 
[Hi,bI 
[Hi,b[ 

[Hi,Bi'^] 



2 J 

(3)1 



3H2 — Hf , 
3H-i — H1H2, 
3H3 - H1H2, 

4H3H1 + ^Hl - 3H2HI + ]^Ht 



(7.2) 
(7.3) 
(7.4) 

(7.5) 
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[H2,B^^\ = -2{3H2-Hf), (7.6) 

[H2,Bi^^] = -2{3H^-H,H2), (7.7) 

[F2,Bf] = -2{H^-HM, (7.8) 

[i/2,5f] = -2H^H2 + ^H^Hl + HlHi-2H2Hl + ^Hl, (7.9) 

[H^,B^^^] = -3{3H3-HiH2), (7.10) 

[H3,Bi^^] = -12H3Hi-^Hi + 9H2Hf-^Ht, (7.11) 

[F3,i?f)] = 3{Hl-HiHs), (7.12) 

[i^3,4'^] = 3HsH2-4H3Hf-^HiHi + 3H2Hf-^Hf, (7.13) 

[^W,^^!)] = 35^^^ -25f^ifi, (7.14) 

[b[^\b[^^] = 6sf ) - 25f ^i^i , (7.15) 

[5^,5^^)] = 95^2) -2(4^) +Bf))//i, (7.16) 

= 9b[^^ - 2b[^^ Hi - b[^^ H2 , (7.17) 

^ 12B^^^ -2{b[^^ +B^^^)Hi- B^^^H2, (7.18) 

[B^i),5f)] = 3(5f) +5^)) -2S^^^/fi + sJ^)iJ2, (7.19) 
[5^1), B^^)] = 35^^^+64^)iJi + sf)(i72-3/fi2) 

-Sj^^ {H2 + 2Hl) + 5f ^ {Hi - H1H2 + 2/^3) , (7.20) 
[B^^\b[^^] = ^Bf +QBf^Hi + Bf\H2-?>Hl) 

-2B^^^H2 + 5f ^ {Hi - 3H1H2 + 4H3) , (7.21) 
= 12S^^^i7i + (Sp^+S^^^)(i?2-3i7i2) 

+S(^)(ii-3 _ r^HiH2 + 2i73) + Sf^^^? - H1H2 + ^i?3)i^i , (7.22) 

= (2Bf)-Bf^)//i-(2BP+B^^^)i/2 + M^^^^3, (7.23) 

[^(2)^^(3)] ^ 3B[^^ Hi - AB[^^ H2 + b[^^ Hs , (7.24) 

= 4Bi'^Hi-3{Bi'^+Bi'^)H2 + B['\^Ht-H2Hl + ^Hl + ^HsHi), (7.25) 

[Sf \ Sp^] = B^^^Hi + 25f ^iJi^ _ 35(2)^2 + ^(iJ2 - i??)i?i 

+B^')F3 + ^b[^\2Hs - 3H1H2 + Hl)Hi , (7.26) 
[5^ ) , B^^^] = B'i^ {AHl - H2) + Bf^ {H1H2 - Hi -2H3)- Bf^ {H1H2 + Hi + 2H^) (7.27) 

+Sf )(^iJ3 - H1H2 + \hI)Hi + B^^\2H^Hi - 2HlH2 + + ^Hj) , 
[b[^\b^^^] = 3Bf^H2 - 2B[^\Hs + H1H2) - 2B^^^H^ 

+Bf\^Hl - H1H2 + ^H^)Hi - \Bf\Hl - 3H1H2 + 2H^)H2 . (7.28) 

The additional operators sq,si, S2 satisfy the foUowing relations: 

[sQ,Hi] = -3-1, [si,Hi] = -Hi, (7.29) 
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[so,H2] = -2Hi, 

[so,Hs] = -3H2, 

[s2,Hi] = -H2, 

[S2,H2] = -2H3, 
[s2,H-i] = 

[so, Si] = -SO: 



[S1,H2] 



-2H2, 



[S0,S2] 



(2)1 



0, 



-2B 
-B 



(1) 

1 ' 

(1) 
1 ' 



= -2si, 
[50,i?f ] 



-•S2 , 



-2sf ) - , 



-2B 
-2B 



(2) 
1 ' 

(3) 



2B. 



(2) 
2 ' 



[s2,B^^^]=B\'>-2Br, [S2,B\'>] 



l^i.Bf^] 

(2) 



0, 



-B. 
-B 



(1) 
2 ' 



(2) 



1 ' 



[si.Bf^] 

'2 



-2B, 



(2) 



'2 ' 

-2< , 



-35. 



(3) 
2 ' 



^2 



-25 



(3) 
1 1 



[S2.B\ 



(2)1 



(2) 



3sf ) , 



(7.30) 
(7.31) 

(7.32) 
(7.33) 

(7.34) 

(7.35) 

(7.36) 
(7.37) 
(7.38) 

(7.39) 
(7.40) 
(7.41) 

(7.42) 



[s2,Bf^] 



-B. 



(3) 



2Bf ^i/i - B\'>{H2 - Hi) - ^B\'>{2Hs - 3H1H2 + H't) , 



,(2) 



(1)/ 



[S2,sf)] = Bi""^ -4B[''^Hi-2B^^\H2-Hl)--BP{2Hs-3HiH2 + Hf), 
[S2, i?f ] = -2sf + B?^ {H2 - - 5f {H2 - Hi) + i?f ) (- ^i73 + ^//ii^2 + IhI 



(7.43) 
(7.44) 



-^5(^^(21/3 - 3H1H2 + Hi) - ^Bi^\Hl - H2){Hl - 2H2) . 
The explicit form of all these operators is as follows: 
Hi = 81+82 + 83, 



H2 
H3 



B 
B 



(1) 
1 

(2) 



B. 



(1) 



B. 



B. 



(2) 
2 

(3) 



8l + dl + dl + ^812 + —di3 + —823 , 

Xl2 Xi3 X23 



= 8f + 8l + 8l + 3g 



Xl3 
1 1 

Xl2 Xi3 



8l + 3g 



1 ^ 1 
X21 X23 



dl + 3g 



1 1 

X31 X32 



H 9i H 82 H , 

x\2Xi3 a;2ia::23 a;3iX32 

(X21 + X3i)8i + {Xi2 + X32)82 + (^13 + ^23)53 , 

(X2 + X3){8f - 8283) + {Xi + X3){dl - 8183) + [Xi + X2){8l - 8182) 



+2g{xi +X2+ X3) 



1 



1 



Xl2 Xi3 



1 



1 



— + — ]8i+[— + — \82+[ — + — ]8 



X21 X23 



1 



1 



X31 X32 



{X21 + X31) (8l - -^823) + {Xl2 + X32) - -^8 
\ X23 J \ Xi3 

+ {X13 + X23) (8l - ^^12) , 



S0H3 - S2HI 



B 



(3) 
1 



S0H3 - S1H2 , 



soi^Hf - H2HI + ^Hl + ^HiHs) - S2H2 , 



(7.45) 

(7.46) 
(7.47) 

(7.48) 
(7.49) 

(7.50) 

(7.51) 

(7.52) 
(7.53) 
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where 



So 
si 

S3 



Xidi + X2d2 + X3d3 , 



xidi + X2d2 + xs^g + g- 



-di2 + g- 

X12 Xis 

.1 



-di3 + 5- 



X23 



'23 



(7.54) 
(7.55) 

(7.56) 
(7.57) 



Here we use the notations x. 



Xj (the same is for niij below) and dij = di — dj. 



Theorem 7.1 The action of the operators l{7.4-t )-( 7.56^ ) on the common symmetric eigenfunction 
</mim2rra3 (xi, X2, X3) of the commuting operators Hi, H2, H3 is as follows: 



Jmim2m3,{xi,X2,X:3) 
-^2 Jmim2m3,{xi,X2,X:3) 
^3 '^mi 7712013 (-^l' 5 X3) 
^1 '^mim2m3(-^l' -^2) X3) 



^2 '^mim2m3('^l' -^2) X3) 



(mi +7712 + 7713) J^lm2m3(.Xl,X2,X3) 

(xi,X2,X3) 
(xi,X2,X3) 

[(77121 + m-3l)5mi + (?77.12 + "732)<9m2 



mi,7772,m3 G 



+ 



[(tTT-I + 7772 - 2777i)c?mi + (w-i + 77l| - 27772)9^; 

+ {ml + ml - 2ml)dm,] J^}m2ni3ixi,X2,X3) , 



+ 



^2 Jmlm2m3ixi, X2, X3) 



50 Jmlm2in3{xi-i X2, X3) 

51 Jmlm2in3{xi) X2, X3) 



+ 



"713 +m23)dm3] Jmlm2m3{xi,X2,X3) , 



(7.58) 

(7.59) 
(7.60) 

(7.61) 

(7.62) 



'^mim2m3(3^1'2;2,X3) = [(mf - 77727773) (9^2 + <9„^3) + (7773 - r77i 7773) (9™, + dm^) 
B? 4^k-3(^l'^2,X3) = [{mt + 777^ - 777^(7n2 + 7n3))a™, + (mi + 777^ - 777^(7771 + 7773))^, 
-Sf^ 4?im2m3(2;i>a;2,X3) = [(m2 + m^- 7771(7773 + 7773))ami + (777^ + - m2{m{ + 7773))(9, 



(7.63) 



m2 



(7.64) 



m2 



777f + 777^ - 7773(777^ + 777^)) 9^3] J^^^^ms (^1 ' ^2 , X3) , 



(7.65) 



[(7772 + 777I — m\{m\ + 7773))9mi + (?Tli + 777| — m\{m\ + 777|))(9„ 



S2 



"^mlrrinm^ixi-i X2i X3) 



777^ + 777^ - 777^(777? + 777^)) 9^3] ^T^i^amg (xi , X2 , X3) , 
{dmi + (?m2 + ^m-i) '^mim2m3 (-^l 1 2^2) X3) , 
{midmi + ?n.2<9m2 + 'm3dms) Jmlm2m3{xi,X2,X3) , 
(7771 (9„^ + 7772(9^2 + ^39^3) Jmlm2m3{xi,X2,X3) . 



Proof follows from the Proposition [4.5| (cf. formula ( |4.19D ) and the definition of A- (| 
also that ^ = i?es(^f,^^)). 



(7.66) 
(7.67) 
(7.68) 
(7.69) 

(recall 



8 Miscellaneous results 

Recall that 



where 



B)''' = Res{SoIj+k-i - Sjh-i) = Res[J2 - Dj) ] , 

vl<n 



= x,D]'' - x.Dt' 



(fc) 



.2) 



From the Proposition 4.1 one can derive the statement. 
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Proposition 8.1 

[4,<'^] = o. 

This means that we could repeat aU the contruction described in the previous Sections working with 
the operators M^j ' instead of the Si (and Alj'). The result is the same, i.e. the operators commute 

not only to the Dj but also to the additional operators M^p being some sort of {g, P) -deformation 

of the operators of 'rotations'. The only difference between the operators a\'^^ and M^^ is that the 
former ones commute with permutations but the latter ones do not. 

For instance for k = 2 we have the following (g, P)-deformation of the Euclidean e(iV) Lie algebra 

(2) 

of generators Mjj = M-j = XiDj — xjDi and D^: 

[Mij,Pki] = if {i,j}n{k,l} = iD, 

PijMik = MjkPij, k^j, PijMij = MjiPij , (8.3) 
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[Mij,Mki] = {6ikMij + SiiMjk) il+gY,Pim \ + {SjlMk^ + SjkMu) 1 + 5 ^i™ (8-4) 

V rn=ii / \ mjtj j 

+ gMijPki {5ik - 5ji + 5jk - Sii) - gM^iPij {6ik - 5ji - 6jk + Su) , 
[M,j,Dj] = DAl + gY,Pjm\+ gDjP^j . (8.5) 



The relations (|8.4 )-(p.5|) should be supplemented by the following additional relations for the case 
when the indices in l.h.s.'s are mutually disjoint: 

[Mij,Mki] = gMikPji + gMjiP^k - gMuPjk - gMjkPii , (8.6) 
[Mij,Dk] = gDjP,k-gD,Pjk, (8.7) 

i.e. if n {k,l} = and {i,j} n {A;} = 0, respectively. 

For the case g = the relations (^.4|) and (8.5) define the commutation relations for the generators 



Mij, Dk of the Lie algebra e{N), i.e. the Lie algebra of the Lie group of mothions of the A^-dimensional 
Euclidean space. Keeping in mind this limit we will treat the PDM-algebra as an one-parameter 
deformation of the Lie algebra e(A^) (where g is the parameter of deformation). It is easy to see that 
the deformation involves the permutation operators. Operator Yl,i is a deformed Laplace operator 
and, as well as in non-deformed case, is a Casimir operator of the PDM-algebra. The very fact of the 
existence of the PDM-algebra is an algebraic interpretation of the super-integrability of the rational 
Calogero-Moser system, i.e. there are not only — 1, but 2N — 2 independent additional integrals 
of motion commuting with the Hamiltonian of the rational Calogero-Moser problem. 



From the Proposition 4.1 one can calculate that the operators 

N N N 



J+ = l2 = J2Df, J^ = Y,{xiDi + D,x^), j-=Y.^'i (8-8) 



i=l i=l i=l 



have the sl(2) Lie algebra commutation relations and commute to the operators Mij and permutations 



P 



Proposition 8.2 

[J±,J3] = ±4J±, [J+,J_] = 2J3, [J±,3,M,,-] = [J±,3,i'ii] =0. (8.9) 
The Casimir operator of the sl(2) algebra ( ^.9| ) has the form 



C2 = \{J+J- + J-J+) - -Jl = E ^4 - iaP + f) (^^^ + y - 2) ' (8-10) 

where the operator P is the sum over all permutation operators: 

P = Y.P^i- (8-11) 

In order to get the purely differential operators from Mij and Dk one needs to consider the restriction 
of the symmetric combinations of them like 

ResiY^^ij] i?es I ^MijI)!; I , r = 1,2,3,... 



15 



Recall here that the additional operators i?^^'* look like (cf. formula ( ^.1| 



Res ^iJ^) 



One could ask whether it is possible to find a complete set of commuting PDOs only in terms of 
the symmetric combinations of the operators Mij such that all these operators commute to the 
Hamiltonian H2. For = 3 it is possible. 

Theorem 8.3 The following second order partial differential operators are algebraically independent 
and mutually commuting: 

H2 = Res{Dl + Dl + Dl) (8.12) 
= dl + dl + dl + + + ^923 , 

3^12 3^13 X23 

Ki = Res{Mf2 + M^^ + Mi^) (8.13) 

\X23 X12 J 

+2,(^ + ^-i^)A^23 + 2,(^ + ^-^^)A^3i, 

Vxai Xi2 X23 / \Xl2 X23 Xsi / 

K2 = i?es({Mi2,Mi3} + {Af23,M2i} + {M3i,M32}) (8.14) 

= {Mi2,Ml^] + {A^23,A^2l} + {A^31,A^32} + 2g ^l~^^~^3 ^Mi3 - M12) 

3^23 

X2--X3-X1 i^/r \,o X2 ^,^ . 

+2g (M21 - M23) + 2g (M32 - M31) 

3^31 Xi2 

-Ag^Mu - M23 - 45^M3i , 

X12 X23 X31 

Moreover, the spectral problem 

i?2^' = /i2*, Ki^ = A;i^I', i^2^ = A;2^', h2,ki,k2eR (8.15) 
can be solved through a simple separation of variables (SoV) which is some change of coordinates 

Xi S. 

Proof The commutativity of the operators H2,Ki^2 follows from the Proposition p.2| and the SoV 
for ^' in ( |8.15| ) is done by the same coordinate change by which Jacobi separated variables in the 
corresponding Hamilton- Jacobi equation for H2- 

The case A'^ = 3 is specific, there is obviously no such situation for > 3. For general (and 
even for A^ = 3) it is still open question to make the SoV for the symmetric solution of the spectral 
problem 

Hk ^rnix) = "^rnix) , rUi € R . (8.16) 

i 

It is quite clear that such SoV will not be a simple change of coordinates Xj's but rather some integral 
transformation ||8| 

N 

fC : ^'rrx(^) '-^ n V'm(yi) • 
i=l 

See the work Q where the SoV was done for the trigonometric generalisation of the 3-particle quantum 
Calogero-Moser system (Calogero-Sutherland model) or, respectively, for the Jack polynomials of the 
A2 type. We hope that the results obtained there and in the present work will be helpful to work 
out the SoV for the spectral problem ( p. 161 ). 
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Concluding remarks 



Apart from the well-known and well-understood super-integrable systems like iV-dimensional har- 
monic oscillator and Coulomb problem, the rational Calogero-Moser system leads to the non-linear 
algebra of hidden symmetry. 

The construction of the 'super-integrability table' showed in this paper is quite general and can 
be applied to various generalisations such as Calogero-Moser models associated to other classical 
root systems (the model considered in this paper is associated to the Ajy^i root system) and the 
Ruijsenaars-Schneider model which is a relativistic generalisation. This work is in progress and will 
be published elsewhere. 
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